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Abstract

Surrogate models can accelerate the failure probability estimation, but at the risk of biasedness
when the surrogate does not capture the real failure surface, which is typical for real engineering
problems with high dimensionality and/or high nonlinearity. Following the idea of delayed
acceptance (DA) in Markov Chain Monte Carlo (MCMC), a new strategy of combining subset
simulation (SuS) and surrogate model is developed in this paper, named as DA-SuS. It
decomposes the acceptance process in MCMC into three steps, in which the candidate samples
are first checked by the surrogate model. If rejected by the surrogate model, the sample is no
more considered. This DA does not destroy the detailed balance of MCMC, i.e., the stationary
distribution will always be the targeted one, no matter how bad the surrogate model is.
Consequently, the asymptotic unbiasedness of MCMC estimator is preserved. Although the
statistical efficiency deteriorates slightly, the DA brings computational savings because only
those candidates with high probability in the failure domain are eventually evaluated by the true
model, thus increasing the overall computational efficiency. Three improvement strategies are
further introduced, including adaptive training of Kriging model, misjudgment error-guided
acceptance and chain-wise updating scheme. The performance of DA-SuS algorithm is
demonstrated via three benchmark examples, and compared with conventional SuS and its
variants equipped with surrogate models. The proposed DA-SuS algorithm yields an unbiased
estimation of the failure probability, even in the case with high dimensionality and nonlinearity,
although its statistical and computational efficiency depend on the quality of the surrogate.
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1. Introduction

For a specific failure mode in structural reliability estimation,
the corresponding failure probability ps can be evaluated as [1]

pf:/Qﬂ'(x)dx: |7 @) (x)dx (1

where X = [X},X,,---,X,]T € R" is an n-dimensional input
random vector. 7 (x) is the joint probability density func-
tion (PDF) of X. The failure domain is represented as {2 =
{xeR"|g(x) <0}, where g(x) is the limit state function
(LSF) representing the failure mode. I (x) is an indicator
function, which is equal to 1 if x € 2 and 0 otherwise. Note
that x is a realization of random vector X. Without loss of
generality, the integral in equation (1) is more convenient
to work in the standard normal space by transforming the
random vector X into the standard normal random vector U
using Rosenblatt transformation [2] or Nataf transformation
[3]. More specifically, the failure probability can be expressed
in the standard normal space as

pf:/Fc,pn(u)du:/Wapn(u)lp(u)du 2)

where ¢ (-) is the PDF of standard normal random variable.
The transformed LSF g(u) =g (7' (u)) defines the fail-
ure domain F = {u € R"|g(u) <0} in the standard normal
space.

Conventional direct numerical integration is infeasible for
solving this integral due to the typically large dimension
or complex failure domain in practical problems. Analytical
approximate methods, such as the first order reliability method
[4] and the second order reliability method [5], are incapable
of solving the nonlinear and high dimensional problem as well
because they are the linear or quadratic approximation of the
LSE. The direct Monte Carlo simulation (MCS) [6] can the-
oretically yield an unbiased estimate of the failure probability
because of the law of large numbers, while huge computational
burden is usually required to achieve a desired precision. To
address this, variance reduction-based simulation techniques
such as important sampling (IS) [7], directional simulation
(DS) [8-10], line sampling (LS) [11, 12] and subset simula-
tion (SuS) [13] were developed. Among them, SuS is most
widely used due to its good performance in high dimensional
problems, which has been extended to multiple failure modes
[14], Bayesian inference [15, 16], stochastic optimization [ 17—
21], and sensitivity analysis [22, 23]. To further improve
its sampling efficiency, several Markov Chain Monte Carlo
(MCMC) sampling strategies have been introduced, e.g. the
adaptive conditional sampling (aCS) [24], Hamiltonian Monte
Carlo [25], elliptical slice sampling [26], asymptotic SuS [27]
and a ‘relaxed’ version of SuS (Re-SuS) [28]. The up-to-date
work [29] also provided an adaptive scheme with an optimal
setting of correlation parameters in aCS for effectively sup-
pressing the systematic growth of candidate rejection and cor-
relation along Markov chains. A Bayesian perspective on the

failure probability integral estimation was proposed as well to
quantify, propagate and reduce numerical uncertainty behind
the failure probability due to discretization error [30]. Another
branch of methods were deduced from the law of probability
conservation, such as the probability density evolution method
[31] and the direct probability integral method [32]. These
methods are applicable for both static and dynamic reliability
problems, while the computation is still expensive for many
engineering applications.

To further reduce the computational burden in repeated
evaluation of LSF, surrogate models have been developed
for failure probability estimation, such as response surface
method [33], polynomial chaos expansion [34], Kriging model
[35-40], support vector machine [41, 42], Bayesian networks
[43—-45] and convolutional neural network [46]. Among them,
Kriging is widely used, since it not only provides the mean
estimate of the LSF but also the mean squared error of the
estimation. The adaptive learning schemes were introduced
to form the so called adaptive Kriging (AK)-based meth-
ods, such as AK-MCS [47], AK-IS [41, 48-50], AK-DS
[51], AK-LS [52], AK-distance-based subdomain [53], AK-
improved weighted sampling [54], and AK-SuS [39, 42, 55—
59]. Several typical learning functions were developed, such as
U-learning [47], expected feasibility function [60], H-learning
[61], the least improvement function [62], the confidence inter-
val squeezing function [63], and the expected system improve-
ment function [64] (to name a few). Beyond a single LSF, the
AK-based failure probability estimation has been extended to
multiple responses [65, 66]. No matter how adaptive schemes
have enhanced efficiency and accuracy, the surrogate models
inevitably introduce estimation errors, inducing potential bias
in the estimation of failure probabilities. In addition, delicate
schemes of surrogate models are not able to depict the real fail-
ure surface in real engineering problems with high dimension
(>20) or high complexity.

This paper proposes a new way to accelerate SuS with sur-
rogate models that ensures the unbiasedness of the estima-
tion, even if the surrogate model does not fit the LSF well.
That is, we adopt the Kriging model to screen the candidate
samples first in MCMC, and only evaluate the value of LSF at
candidate samples accepted by the Kriging model. By doing
this, the calculation of the real LSF at rejected samples can
be avoided without introducing bias in the failure probabil-
ity estimation. Since the real LSF at all accepted candidate
samples in MCMC are still calculated, an unbiased estimation
is guaranteed, including those problems with high dimension
(>20) and/or high complexity. The proposed method is based
on the strategy of delayed acceptance [67] (DA) in MCMC
sampling, so that we name our method as DA-SuS. To enhance
its computational efficiency, three improvement strategies are
further proposed. The first improvement (denoted as DA-SuS-
1) lies in the adaptive training of the Kriging model in each
simulation level, to increase the prediction accuracy and thus
reduce the unnecessary LSF evaluation. The second strategy
(named as DA-SuS-2) further reduces the number of LSF
evaluation by directly accepting candidate samples with small
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misjudgment error in the Kriging model, sacrificing accur-
acy for efficiency. Besides the above accepting strategy, the
continuous update of Kriging model (named as DA-SuS-3) is
adopted once a Markov chain is completed to further enhance
the computational efficiency.

This paper is organized into five main sections. A brief
review of SuS and Kriging model are provided in section 2.
Section 3 gives the general principle of DA-SuS. Three
improvement strategies are further provided in section 4.
Finally, three empirical studies are used in section 5 to demon-
strate the performance of the proposed method.

2. Backgrounds and related techniques

A brief review of SuS and Kriging model are given in this
section. It provides the readers the necessary background to
understand the proposed methods.

2.1. Brief introduction of SuS

SuS is an efficient algorithm to estimate the failure probab-
ility by converting a small failure probability into a product
of a sequence of relatively large conditional probabilities by
introducing intermediate failure events adaptively. Based on
the conditional probability rule, one can have

pr=Pr(F)=Pr (ﬂ:":l F,-) = Pr(F) H;":zpr

(FilFio1)
3)
where F; ={ucR"|g(u) <I;} is the intermediate failure
domain satisfying F1 D F» D---D F, DF and [; is the
intermediate failure threshold satisfying I} >, > --- > [, =
0. Pr(F;|F;_1) is the conditional probability or the so-called

‘level probability’. The intermediate sampling density (ISD)
is chosen as the truncated multivariate normal distribution

) 907!( )IFi (u)

Pr(F;) @

on(u|F;—

The first level of SuS is a direct MC, which yields the
first failure domain F, = {u € R" |g (1) <, }. Given one real-

ization {”(()1)7“(()2)7 e ,u((’N)} of N independent and identic-
ally distributed (i.i.d.) samples {U(()l),U(()z)7~' ,U(()N)} from

the standard normal distribution ¢, (u), they are sorted in
ascending order according to their LSF values, denoted as

{u?l),u?z), cu (N)} The first threshold is then determined

aslj=g (u?Nc)), where N. = Ny is selected to be an integer.
The estimator of the corresponding level probability is

Z’Q ()- )

. i—1 -1 i—1
Thereafter, regarding {”(1)7 ey "7“(NC)} as N,

(N-N_)/N,

Pr(Fy) < p1 =

‘seeds’. Generate Ny = correlated random

samples {”’@,1)7"’@)""7u’&k,Ns>} from each kth seed

uzlj)l(k: l,...,N;) with the target distribution ¢, (u|F;).
It can totally generate a of size N-N, samples in the i 4+ 1-th
(i = 1,..., m—1) simulation level so that the sample size of
each level keeps to be a constant N. Sort again the realization

i—1 i—1 i—1 i i i
{{”(1) oyt ’”<Nc>}v{“m,w”u,z)’“' ’“a,zvs)}"”

in ascending order as

i i i
UiNe 1y M(Ne,2) " H(ve,N)

{u’m , ”i(z), .. 7“2N) } according to their LSF values, threshold
Ly=g (u’(N )) of the i + 1-th intermediate failure domain
Fiv1={ueR"|g(u) <l }isobtained. The MCMC estim-

ator for the level probability then reads

ZZIF (U’O*k‘)),izz,m,m

j 1 k=1
(6)

Pr(Fi|Fi_1)

Collecting all the level probability estimators, it finally
yields the SuS estimator of the failure probability as

pr="Pr(F) «pr = [ ps )
i=1

For completeness, the pseudocode of the SuS algorithm is
provided in table 1 as a reference in subsequent sections.

2.2. Basics of Kriging model

The predicted value of Kriging can be expressed as a sum of a
deterministic regression model R, (3,x) and a random process
Z(x),i.e.,

G =R (B +Z(x)=h(x)B+Z(x),  ®
where h (x) is the basis function, determining the regression
form. The correlation coefficient 3 is a regression parameter.
The random process Z(x) is assumed to be normally distrib-
uted with zero-mean and covariance matrix as

(6(0)% (Z(X,'),Z(Xj)) = UzzR (X,’,Xj,@) (9)

where x; and x; represent the value of test samples, and 0
is the variance parameter. The versatility of Kriging model
is determined by the correlation function R (x;,X;,8) between
x; and x;. For simplicity, the squared exponential function is
adopted in this paper as

R(x;,x;,0 —exp< Zﬂk xm)fx,(k) > (10)

where n is the dimension of random variables. Here, x;u), Xj
and 6; are the kth component of x;, X;, and 0, respectively.
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Table 1. Pseudocode of SuS.

Algorithm 1. SuS.

1.Input

Level probability po = 0.1, number of samples per level N.
2.Change of Variable

Rosenblatt or Nataf transformation R = T(u). % R is standard multivariate normal RV
3.Direct MC simulation

Generate initial set of samples {u?l) , u(()z)7 e ,u?N) }, calculate the real responses g.
Sort {u?w,u((’z), e ’"(()N)} in ascending order according to g and select the top Npo samples as seed

samples {u?l),u(()z), .. ,u(()Nc) }, determine threshold /; = g(u?N(_)),ﬁl = po.
4. Initialization
Level index i = land stopping criterion stopflag = 0.
5. Iterations
While stopflag = 0
(1) Run component-wise Metropolis-Hastings with seed samples
uif)l , u’@_)l o ,u’&l) } Accept or reject candidate samples:
For k = 1to N¢ % N, is the number of seed samples
% Ny is the number of candidate samples generated from each seed sample
Forj = 1to N
Generate the candidate sample "’ik,_/) from seed'sample u’(k_)1
Calculate the real response g(V{, ;) based on vy ;.
If g(Vir ) <li . ' ' . .
Accept the candidate sample v{; ), Ui ;) = Vi) 8uyy) = 8V y))-
else
Reject the candidate sample vikj), u'.(kd-) = ”i/?)l’ g"(kJ) = g’l(kf)l.
End
Update seed sample to current state sample u’(;>1 = "i(k, i)
End
End

(2) Sort {{"l(l_)] o)) } : {"'(m’"l(l,zw UL } S {”'(Nf,wv”l(zv,-,z)v o ’“?N(-,No}}
in ascending order as ui(I) , u’@, e ,uiN) according to g and update threshold /; | = g(u"(Nr)).
(3) Update stopping criterion stopflag and estimate the level probability p; 41 :
If [; +1 <0
stopflag = 1.
pi+1 = (size (find (g < 0),2) /N).
else
stopflag = 0.
Pi+1 = po.
Select the top N. samples as seed samples.
End
i=i+1.
End
6. Output
Calculate the estimated failure probability pr = []'_, pi.

Defining R as the correlation matrix of # samples, its (i, j)-the When 0 is determined, 3 and 072 can then be calculated as
element can be calculated as
8" =(R,R'R) RR'Y (13)
L= 5. = 1
Rtj R(X17X170)7 L,J 17"‘7t‘ (11) UZZZ;(Y—Reﬂ*)TRil (Y_Rgﬂ*) (14)

The unknown parameter © can be obtained by the max-

) R Hetie where Y and R, are the real response set and regres-
imum likelihood estimation method as

sion function value of the training sample set, respectively.
Taking advantage of the fact that the conditional distribu-
0" =arg min{mﬁgzz} ) (12) tion in a multivariate normal distribution is still normal, the

o predicted response of the Kriging model satisfies G (x) ~
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N (pg (x),04% (x)) at an arbitrary testing point X, where the
mean and variance are given as:

6 () =h(™B" + 1R (Y~ R,6)
(15)
ot (X) =07 (1 +u"(R.,"R7'F) “u—rx)"R'r (x)) :
(16)

Here, u=R,"R™'r(x) —h(x) and r is the correlation
coefficient matrix between the testing point and the training
sample set.

3. SuS with DA

In this section, we propose a new way of combing SuS with
surrogate model, which ensures the unbiasedness of the fail-
ure probability estimation, even if the surrogate model does
not really capture the failure surface. We name it as DA-
SuS, because it is based on the strategy of DA in the MCMC
sampling [67]. The idea behind DA-SuS is to decompose the
acceptance ratio, when sampling from the intermediate ISD,
into a product of sub-ratios and then sequentially compare
them with independent uniform variates to stop earlier once
one term is below the corresponding uniform. Although vari-
ous surrogate models can be integrated into this framework,
this paper takes the most widely used Kriging model as an
example.

3.1. Main algorithm of DA-SuS

The basic procedure of DA-SuS is the same as that in
section 2.1, except that the MCMC sampling is revised to
combine the Kriging model. Note that the proposed DA
strategy can be implemented for most MCMC sampling
algorithms with acceptance-rejection scheme, e.g. component-
wise Metropolis—Hastings (CW-MH) sampling and aCS [24].
For simplicity, we explain the general idea with the standard
MH algorithm in this paper.

Consider the standard MH algorithm for sampling from the
ISD ¢, (u|F;) using the transition PDF p (v [u ) to generate a
new sample v with

a7

where ¢ (v|u) is the proposal PDF and r(u)=
[a(u,v)q(v|u)dv. Here, §,(-) is the Dirac delta function at
u, and a(u, v) is the acceptance probability with the following
form

p(vlu)=a(u,v)qviu)+(1—r(u))d.(v)

- L e I )
a(u,v)mln{l,n(u,v)}mln{l,@n(u)q<v|u)lFi(u)}

(18)

where x(u,v) is called the acceptance ratio. The acceptance
probability a(u,v) is compared with a unit(0, 1) variate to
decide whether or not the Markov chain switches from the cur-
rent value u to the candidate value v.

Applying the DA strategy, one can first decompose the
acceptance ratio k(u, v) as a triple product

K (u,v) = K1 (u,v) k2 (,v) K3 (u,v)

_en()q(uy) Prg (v € Fi) I, (v)/ Prg (v € Fi)
on(u)q(viu) Prg (u € Fi) I, (u) / Pry (u € Fy)

19)

where Prg (v € F;) represents the probability of v belonging
to the intermediate failure domain F; predicted by the Kriging
model. Since the LSF G(v) is approximated by a Kriging
model, Prg (v € F;) becomes a natural surrogate of the indic-
ator function I, (v). Given the conditional distribution G(v) ~
N(u(v),0%(v)), one has

yi—p(v)
I;(r(veF,)—PI’(r(G(v)gy,)—fb ( o) ) (20)
where ® (-) is the cumulative distribution function of the
standard normal variate.

Each sub-ratio k;(u, v) in equation (19) is nonnegative
and satisfies the balance condition x;(u, v) = k;(u, v)~!
if one defines 1/0 = oo for mathematical completeness,
because the indicator function Ir,(v) may be equal to zero.
Correspondingly, one can accept the transition from u to v with
the probability

a(u,v) =ai(u,v)a (u,v)as(u,v)

=min{1,x (&,v)} min{1l, s, (u,v)} min{1, K3 (u,v)}

2y

i.e. by successively comparing random uniform variates u; to
the terms a;(u,v) and the first rejection signaling that the pro-
posed value should not be considered any further.

To verify the validity of the DA strategy, i.e. the ISD
©n(u|F;) is the stationary distribution of the resulting Markov
chain, the detailed balance condition is proved as follows:

en(ulFi)q(vlu)a(u,)
= W|Fi)q(v|u)min{l,r (u,v)}
x min{1,k; (u,v)} min{1, k3 (u,v)}
=, u|F;)qw|u)r (u,v)min{1,x; (v,u)} K, (u,v)
x min{1,k; (v,u)}
X 13 (uyv)min{1, x3 (v u)}
=pnulFi)gvlu)r,v)a(v,u)

=pa(V|Fi)g(mlv)a(v,u) (22)

where, we have used the property min {1, x} = x min{1, 1/x}
for x>0 in the second equation, and in the last equation one
can verify that v, (u|F;)q(v|u)k(u,v) =@, (v|Fi)q(u|v).
Equation (22) shows that the DA strategy satisfies the detailed
balance, so that it can converge to the same stationary distri-
bution as the standard M—H algorithm.

One implementation of the proposed DA-SuS strategy is
provided in table 2 for the CW-MHs sampling. We can see that
the real calculation of LSFs of all rejected samples is replaced
with Kriging model, avoiding the time-consuming evaluation
of true LSF.
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Table 2. Pseudocode of DA-SuS.

Algorithm 2. DA-SuS.

% Candidate samples are accepted/rejected based on predicted responses. Those
Yoaccepted then undergo real calculation for further validation of acceptance

Fork=1to N,
Forj = 1to N;

For h =1 to n % n is the dimension of v (Take CW M-H as an example)
Select a one-dimensional proposal PDF ¢ (v |u ) that meets the requirement
of symmetry, and simulate the A-th component of the candidate

sample &, from g, (|u’(k_)1 (h))

Calculate the ratio x, = qi (n) /qn (u’(;)l (h))
Accept or reject £, at the candidate sample as:
P En, min{l,k;} > random|0, 1]
Yoy (1) = u’(k_)l (h), min{l,k;} < random|0, 1]
End % Conditional sampling can be used as alternatives
Calculate the predicted response g(v"(,Q j) based on v"(k 9

If g(viy ) < li

Calculate the real response g(vi(kyj)) based on v'.(kﬁ.
Accept or reject the candidate sample v, ;) based on g(v(; ), similar to SuS.

else

Reject the candidate sample v’&,w-), u'&kw = uélj)l, g"(kd-) = 321:)1'

End

Update seed sample to current state sample u’(,j)l = u’%k 7

End
End

The drawback of the DA strategy is that the acceptance
probability a(u, v) is always smaller than a(u, v) of the stand-
ard M-H algorithm

a(u,v) =min{l,x; (u,v)} min{l1, K, (u,v)} min{1, k3 (u,v)}

(23)

<min{l,x; (u,v) k2 (u,v) k3 (u,v)} = a(u,v)

since min{l, x}min{l, y}<min{l, xy} for x y=O0.
Consequently, one can conclude that the asymptotic vari-
ance of sample averages calculated using the DA strategy is
greater than or equal to that calculated using the standard M—
H algorithm based on the Peskun ordering [68]. Therefore, in
general, the DA strategy will be less statistically efficient than
the standard M-H algorithm (20), (23).

The statistical efficiency of the DA-SuS algorithm depends
on the quality of the Kriging surrogate. Consider the ideal case
where the Kriging model perfectly matches the LSF with neg-
ligible uncertainty. In that case, all samples not in the fail-
ure domain F; are rejected by the Kriging model and as(u,
v) = 1 for all preconditioned samples. As a consequence,
the speedup of the DA-SuS algorithm over the standard M—
H algorithm is the inverse of the average acceptance rate and
the statistical efficiency is not sacrificed. It follows that the
DA-SuS algorithm is more beneficial when the rejection rate is
high. However, incorrect classification of samples by Kriging
would deteriorate the performance of the DA-SuS algorithm.

More specifically, the false negative error leads to lower
statistical efficiency because the Kriging model rejects the
sample lying in the failure domain; meanwhile, the false posit-
ive error incurs unnecessary evaluation of the LSF. Reasoning
of the misjudgment error of Kriging model in DA-SuS can be
referred to the appendix, and its impact will be discussed in
the following illustrative examples.

Unlike the usual way of using the surrogate model in
an approximation method, the DA-SuS algorithm yields an
unbiased estimator of the failure probability because the DA-
SuS algorithm naturally belongs to simulation methods. The
error introduced by Kriging only affects the efficiency of the
estimator but not its unbiasedness.

3.2. lllustrative example

To demonstrate the unbiasedness of the DA-SuS algorithm, an
illustrative example is considered in this section by comparing
with SuS and AK-SuS. In order to analyze the impact of the
quality of the surrogate model on the acceptance/rejection rate
and misjudgment error in DA-SuS, the AK-MCS (using U-
learning and error-based stop criterion (ESC) [69]) is applied
to construct the Kriging models with different error conditions.
To be specific, the initial Kriging models with error of 0.1 and
0.01 are considered. The number of initial training samples
Ninitia1 18 set as 3. Number of both test samples Ny and aug-
mented test samples Ny, are set to be 10%.
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Table 3. Results of reliability estimation by AK-MCS.

Error
MCS
AK-MCS-initial 1
AK-MCS 0.1
AK-MCS 0.01

)23 Ncall

223 x 1073 1x 10°
NA 3

2.02 x 1073 413 + 38)
2.16 x 1073 57(3 + 54)

Note: ‘Nca” denotes the size of calculations of real LSF. ‘3 + 38’ in Row 4,
Column 4 represents 3 initial training samples +-38 adaptive enrichment
samples.

x 5 4 3 X

(a) real LSF

(b) AK-MCS (initial)

X X = 4 X

(c) AK-MCS (error=0.1)

(d) AK-MCS (error=0.01)

(e) LHS (100 samples)

(f) LHS (500 samples)

Figure 1. Comparison diagrams of approximate LSFs and real LSF.

We consider a benchmark example for reliability estima-
tion, i.e. four-boundary series system model [47] with LSF
expressed as

g1 :—(X1+X2)/ﬁ+0.1(X1 —X2)2+ 3,
82=X1—X2+7/\/§7
g3 = (Xi +X2)/ V24 0.1(X) — X2)* +3, (24)

g4=X2—X1+7/ﬁ,

8= min (g17g27g3ag4)

where X and X, are independent standard normal random
variables. The results in table 3 show that the number of
required training samples increases as the model accuracy
improves (error decreases), and the estimated failure probabil-
ities become increasingly closer to that by MCS. Note that the
initial Kriging model did not yield the failure probability, due
to its relatively low accuracy, denoted as ‘NA’ in the table.

In order to better reflect the quality of the surrogate mod-
els constructed using the AK-MCS, Latin hypercube sampling

(LHS) was used to construct two direct Kriging models (100
and 500 training samples) as a reference. The approxim-
ated LSFs of all surrogate models were then compared with
the real LSE, as shown in figure 1. It can be observed that
the approximated LSFs by the surrogate models constructed
using the LHS present a significant discrepancy from the real
LSF in the failure domain. In contrast, the surrogate mod-
els built using AK-MCS achieved higher accuracy. Besides,
the approximated LSF becomes closer to the real LSF as the
error controlled by ESC decreases. Although there is also a
certain difference between the approximated LSF of the ini-
tial Kriging model and the real LSF (it explains again why
no feasible estimator can be obtained by the initial model),
it was retained to compare with the other surrogate models
obtained using AK-MCS, which helps illustrate the impact of
the quality of the surrogate on the performance of the SS-DA
algorithm.

The rejection rate and misjudgment error at each MCMC
simulation level are presented in table 4. For the conveni-
ence of replicating the same results, the seed in the pseudo-
random number generator in MATLAB is fixed as ‘seed = 15;
rand(‘twister’, seed); randn(‘state’, seed + 1)’. Note that it is
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Table 4. Results of reliability estimation for illustrating example.

MCMC simulation MCMC simulation
Error pr (X 1073) Nean level 1 level 2 Deviation
SuS 2.57+045 2800 Rejection rate 0.518 0.656 0
AK-SuS  Initial NA 3 Ss 73 123 NA
Ss 4 19
St 219 211
St 447 341
Rejection rate 0.199 0.290
(surrogate
model)
DA-SuS  Initial 1.89£1.02 1756 S 205 138 26.5%
Ss 239 54
St 72 133
St 101 125
Rejection rate 0.669 0.496
(surrogate model)
Rejection rate 0.339 0.275
(real function)
AK-SuS 0.1 201 4+051 413438 S, 33 8 27.5%
Ss 20 3
St 29 5
N 89 4
Rejection rate 0.512 0.694
(surrogate model)
DA-SuS 0.1 230£049 1794 S 42 11 18.0%
Ss 39 17
St 24 5
Y 63 2
Rejection rate 0.484 0.679
(surrogate
model)
Rejection rate 0.136 0.007
(real function)
AK-SuS  0.01 2324058 57(3+54) S 25 2 10.2%
Ss 10 1
St 29 6
St 99 0
Rejection rate 0.494 0.642
(surrogate model)
DA-SuS  0.01 2.62+0.67 1823 S 34 9 1.1%
Ss 23 13
St 24 5
St 60 0
Rejection rate 0.470 0.679
(surrogate model)
Rejection rate 0.126 0

(real function)

Note: ‘N1’ denotes the size of calculations of real LSF. ‘3 + 38’ represents 3 initial training samples + 38 adaptive enrichment samples. Feasible estimator
cannot be obtained by the initial Kriging model, due to its relatively low accuracy, which is denoted as ‘NA’. ‘Deviation’ denotes the percentage deviation of
the results of all algorithms relative to the SuS result (with SuS result as the reference).
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Figure 2. The misjudgment errors during each MCMC simulation in DA-SuS.

unnecessary to fix the seed of pseudo-random number gener-
ator in real practice.

The impact of the misjudgment error of Kriging model in
DA-SuS is illustrated in this example as well, details of which
can be found in the appendix. To be specific, S, and S¢ in table 4
represent the maximum errors obtained from the upper bound
calculated using equation (42) in the appendix, while S and
S refer to the true misjudgment error at each MCMC simu-
lation level. As the accuracy of the Kriging model improves,
both S‘S and S‘f, as well as S5 and S¢, show an overall decreasing
trend. However, there are errors between S‘S and S, as well as
S‘f and S, due to the error between the real probability of sum
of dependent Bernoulli trials for each MCMC simulation and
the Poisson approximation mentioned in the appendix

For S¢ obtained by the AK-SuS and DA-SuS algorithms
based on the same accuracy of surrogate model, St in DA-
SuS is smaller than that in AK-SuS, resulting in a lower mis-
judgment error for the accepted part of the surrogate model
in DA-SuS and reducing unnecessary evaluation of the LSF.
Ss represents the misjudgment error for the rejected part of
the surrogate model, which leads to a reduction in statist-
ical efficiency due to the erroneous rejection of samples loc-
ated within the failure domain. During the implementation of
the AK-SuS and DA-SuS algorithms, each approximated LSF
becomes closer to the real LSF as it approached to the failure

boundary when MCMC simulation progressed, which leads to
a reduction in both S and St.

As a reference, samples corresponding to the misjudgment
error at each MCMC simulation level in the DA-SuS algorithm
are shown in figure 2. It can be observed that the misjudg-
ment error in MCMC simulation level 2 is lower than that in
level 1 because each approximated LSF at the level 2 bound-
ary (I») is closer to the real LSF than at the level 1 boundary
(I1). Meanwhile, the improvement in model accuracy allows
DA-SusS to achieve results closer to SuS compared to AK-SuS.
When the error is 0.01, the result of DA-SuS is the closest to
SuS, showing nearly no bias. Although DA-SuS requires more
samples compared to AK-SuS, it can provide an unbiased
estimator corresponding to that in conventional SuS mean-
while save a proportion of calculation (the rejected parts in
MCMCO). It does provide a new perspective of an unbiased
surrogated-based method for conventional SuS and its variant
with any type as well. Furthermore, AK-SusS fails to yield valid
results when the accuracy of surrogate models is extremely
low (initial Kriging with 3 samples), while DA-SuS could still
produce a solution close to that of SuS despite certain devi-
ation. This phenomenon demonstrates that the introduction of
the DA strategy provides a solution for scenarios where the
accuracy of the surrogate model cannot be guaranteed, and
the corresponding statistical characteristics will be analyzed
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Table 5. Pseudocode of enrichment strategy in DA-SuS-1.

Algorithm 3. Enrichment strategy in DA-SuS-1.

% Update Kriging model before accepting or rejecting the candidate samples

Ifi=1
Use the initial sample set u° that has already calculated the real responses to
update Kriging model.
else
Use all samples with real responses in each simulation level to update Kriging
model.
End
A “?{(vzﬁiﬂ))le g(v('&./l)s'll A
m_gQaQ—L of |ECn)-
G“‘ (VM’/)) U:: v1’7m))
0 (a) (b) 0

Figure 3. An illustration of the probability of wrong estimation in equation (38) considering g (v’&k‘j>) >li(a)org (vékxi)) <l (b).

in detail in section 5. Kriging model from AK-MCS with error
equals to 0.01 is then adopted in section 5 as well.

4. Improvement strategies

To enhance the statistical and computational efficiency of the
proposed DA-SuS, three improvement strategies are incor-
porated in this section. For brevity, the proposed DA-SuS in
section 3 is noted as the DA-SuS-0.

4.1 Adaptive training of Kriging model

The first improvement (denoted as DA-SuS-1) is to adapt-
ively update the Kriging model using all samples with real
responses in each simulation level. We provide the correspond-
ing pseudocode in table 5 for completeness, although it should
be self-evident.

4.2. Misjudgment error-quided acceptance

The second improvement comes from the early stopping in the
sample generation. It is guided from the calculated misjudg-
ment error of DA-SuS as shown in the appendix). The real LSF
will not be calculated in DA if the misjudgment error is con-
sidered to be small. We denote the improved algorithm with
early stopping as DA-SuS-2 for simplicity.

Take figure 3 as an example. For the jth candidate sample
v"(k‘j generated from the k-th seed sample ui,:1 in the i + 1-
th simulation level with the threshold /; of the corresponding
intermediate failure event, the probability of wrong estimation

of the predictor g (v’( ku‘)) from Kriging in equation (38) con-

sidering g ("2@,’)) >lorg ("ék‘/)) < [; can be quantified by

8 (V'(kd)) —li
Tg (vi(kx/’))

According to U-learning in the conventional AK-MCS
[47], the misjudgment error of DA-SuS when accepting/re-
jecting candidate samples in each MCMC simulation is con-
trolled by U>2 for each candidate sample, which corresponds
to the misjudgment error is lower than 1 — ® (2) ~0.023. If

@(wm):¢ (25)

the predictor g (v"(k‘j)) and &, (vékJ)) of each accepted can-
didate v’&m by Kriging satisfies

8 (vi(ku')> —li
("l‘(ku‘))

it can be directly accepted, rather than further determining
whether it is accepted or not based on its real response of the
real LSE. This thereby avoids the calculation of the real LSF
for candidate samples that satisfy a scaled misjudgment error
and saves part of the computational burden of DA-SuS-1. The
corresponding pseudocode is provided in table 6.

>2 (26)

) = |70

Og

4.3. Chain-wise updating of Kriging model

To further enhance the computational efficiency, an AK model
updating in each Markov Chain is adopted, and denote this
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Table 6. Pseudocode of DA-SuS-2.

Algorithm 4. DA-SuS-2.

% For each candidate sample, first use a scaled misjudgment error (i.e. U > 2)
% to decide whether it is necessary to run a DA process

Fork=1to N,
Forj=1to Ny

Generate the candidate sample vi(k,j) from seed sample u’( "

—1
) -

Calculate the predicted response and standard deviation [g (Vi(k,;)) , 0% (vi(k,i)ﬂ

basAedion Vikj)
If g(v(kx/>) < l[

Calculate U"(k ;) based on the new U-learning scheme, U"(k =

It Uy ;) >2

§<vi(k,f)) —h )

% (v‘(’w)

Accept the candidate sample v"(kJ), Ui(k,j) = v"(k‘/), g’&,w») = g(v"(,w.)).

else

Similar to DA-SuS, after calculating the real response of vik,j)’ accept

or reject the candidate sample v’(k 7

End
else

Reject the candidate sample vi(,w»), u"(,w-) = u’l(k_)l, gi(,w-) = gélj)l.

End

Update seed sample to current state sample U"(;)' = U"(k 9

End
End

% The scheme for updating Kriging model is consistent with that in DA-SuS-1.

Table 7. Pseudocode of the chain-wise updating scheme in DA-SuS-3.

Algorithm 4. Chain-wise updating in DA-SuS-3.

% Update Kriging model in each Markov Chain corresponds to each seed sample

Ifi=1

Consistent with DA-SuS-1, update Kriging model using the initial sample set
X, where the real responses have already been calculated.

else

For k = 1 to N. % in k-th Markov Chain

Forj=1to Ny

Generate the candidate sample vi(k ) from seed sample u’(,:) .

1

Accept or reject the candidate sample the same as DA-SuS-2.

End

Update Kriging model using all the candidate samples with real responses in

the k-th Markov Chain.
End
End

revision as DA-SuS-3. In DA-SuS-1 and DA-SuS-2, Kriging
model is updated once a simulation level is finished. Although
it improves the quality of learned Kriging model, it falls
behind the sampling process, thus does not provide much local
information to guide the exploration of samples. A more elab-
orate scheme is proposed by refining the Kriging model on
the fly once a Markov Chain is completed. Together with the
misjudgment error-guided acceptance, it can further reduce
the computational burden. The corresponding pseudocode is
provided in table 7.

5. Empirical studies

In this section, a high-dimensional linear example, a highly
nonlinear one, a high-dimensional nonlinear one and an
engineering application are selected to further demonstrate the
performance of the proposed DA-SuS algorithm and its three
improvement strategies. Meanwhile, SuS, AK-SuS, AK-MCS
and AK-IS are implemented as well to provide a contrast with
the results of DA-SuS and its three improvement strategies.
The Gaussian function is selected as the correlation function
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for all examples. The linear regression function is used for
each Kriging model in all examples. During each implement-
ation of all algorithms, size of samples N and the conditional
probability p are set as 10° and 0.1.

5.1. Numerical examples

Example A: High-dimensional linear LSF
The LSF g(X) shown in equation (27) represents an n-
dimensional hyperplane. It has also been studied in [64].

gX)=pn 2= X, @

where X; (i = 1,2---n) are independent standard normal dis-
tributed variables; (3 is set to be 3, corresponding to a fail-
ure probability pr = 1.35 x 103, irrespective of the number
of random variables. Since the LSF employed is linear, the
analytical solution can be readily obtained by FORM. In this
paper, n is set as 20.

Example B: Highly nonlinear LSF

This example comprises a two-degree-of-freedom primary-
secondary system featuring an indeterminately damped oscil-
lator subjected to white noise excitation, as elaborated in
[65]. This problem is marked by an eight-dimensional LSF
and highly nonlinear in each dimension. The LSF g(X) is
expressed as

g(X) = Fy — 3k
7 So gags (§pwl3, +§Sw53>wp
465""’3 Epgs(4£§+02)+’7£§ 4§aw§
(28)
where w, = \/k,/mp, ws= \/ks/ms, w,= w”;“"‘, =

%, v= ,’7’1—;, 0 = (wp — ws)/wa. All random parameters

are assumed to follow a lognormal distribution, with the mean
and c.o.v. shown in table 8.

Example C: High-dimensional nonlinear LSF
The final example also encompasses a high-dimensional non-
linear LSF, extracted from [66] as

2

n—1

2

n—1
Zi:lxi

g(X) —X, (29)

where X1, X, ..., X,,.; are independent standard normal ran-
dom variables, and X, is normally distributed with mean of 1
and standard derivation of 0.2. The dimension # is set to be
101, 150 and 200, respectively, corresponding to the failure

Y Ma et al
Table 8. Distribution of random parameters.
Variable — my ms  kp ks Cp s F; So
Mean 1.5 001 1 0.01 005 002 275 100
c.0.V. 0.1 0.1 02 02 04 0.5 0.1 0.1

probability of 1 x 1073,2.99 x 10~*and 1.23 x 10~*. In this
paper, n is set as 101.

AK-MCS mentioned in section 3.2 is used to construct sur-
rogate models with an error of 0.01 for the three examples. In
examples A, the number of initial training samples Nipital 1S
set as 21, while both the test samples N5 and the augmen-
ted test samples N,, are set as 10°. 62 more samples are then
generated to enrich the Kriging model. That is 83 samples
(21 + 62) for example A in table 9. Due to the high dimen-
sion or highly nonlinearity in example B and example C, more
samples are used to construct Kriging by AK-MCS. Those
are 160 (10 + 150) and 302 (102 + 200) for Example B and
Example C, respectively.

For a thorough comparison considering underlying ran-
domness, both algorithms are run repeatedly for 100 times to
provide the corresponding statistics, which can be referred to
table 9. To be specific, the estimated failure probabilities of
these algorithms are represented by the sample mean + sample
standard deviation, with the deviation calculated from 100
independent runs. The results of MCS are also listed for ref-
erence, along with the reliability evaluation results of the sur-
rogate model constructed using the AK-MCS method.

AK-MCS with ESC (an error of 0.01) is capable of giving
a high quality of Kriging model for Example A, which can be
inferred from that result of AK-MCS is close to that of MCS,
so as that of AK-SusS to that of SuS. However, it still remains
visible biases compared with the original method for AK-MCS
and AK-SuS. Similarly, the result of AK-IS for Example A
also exhibits a visible bias when compared to the MCS res-
ult. On the contrary, the comparison between the results of
SuS and DA-based methods reveals that DA-based methods
can yield relatively unbiased results. To be specific, result of
the original DA-SuS gets closer to that of SuS than that of
AK-SuS, and compared with AK-MCS and AK-IS, result of
the original DA-SuS is closer to the reference value (the res-
ult of MCS). By enriching Kriging using all samples with real
LSFs, the statistical efficiency of the result of DA-SuS-1 is
improved. This not only reduces the sample computation load
but also results in no bias to the SuS result of Example A.
Compared with DA-SuS-1, DA-SuS-2 and DA-SuS-3 further
enhance the computational efficiency, with a further reduc-
tion in sample computation while almost no sacrifice of stat-
istical efficiency. Indeed, 1083 of samples of real response in
DA-SuS-2 and DA-SuS-3 include (83 training sample from
AK-MCS and 1000 MC samples in the first simulation level),
which indicates (U>2) in the first MCMC is already satisfied
and no DA is introduced. That is why DA-SuS-2 and DA-SuS-
3 saves more samples (real responses calculated in DA) than
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Table 9. Statistical results of reliability estimation.

Example A(20) B(8) C(101)

MCS P 1.38 x 1073 3.60 x 1077 1.11 x 1073
Nean 1% 10° 1 x 10° 1x10°

AK-MCS P 1.61 x 1073 1.98 x 107° 2.00 x 1074
Neat 83 (21 + 62) 160 (10 + 150) 302 (102 + 200)

AK-IS P (1.30 4 0.42) x 1073 (2.74 £+ 1.69) x 107° (1.75 + 0.82) x 10~*
Nean 83 160 302

Sus P (1.37 £0.36) x 1073 (3.84 £2.98) x 1077 (1.26 £ 0.34) x 1073
Nean 2944 6463 2989

AK-SuS pr (1.29 4 0.34) x 1073 (1.84 4 1.52) x 107° (1.03 & 1.36) x 1077
Ncall 83 160 302
Deviation 5.83% 379.16% 99.99%

DA-SuS-0 pe (134 +£0.33) x 1073 (5.03 £ 3.74) x 1077 (1.06 £ 0.75) x 1073
Neat 2229 3673 1337
Deviation 2.19% 30.99% 15.87%

DA-SuS-1 P (137 +£0.32) x 1073 (459 +3.17) x 1077 (1.33 £ 0.84) x 1073
Nean 2200 3352 1444
Deviation 0% 19.53% 5.56%

DA-SuS-2 pr (1.38 + 0.35) x 1073 (4.82 +3.86) x 1077 (1.39 + 0.89) x 1073
Nean 1083 2872 1427
Deviation 0.73% 25.52% 10.32%

DA-SuS-3 P (1.38 4 0.34) x 1073 (5.28 +3.14) x 1077 (1.41 £ 0.79) x 1073
Nean 1083 2127 1340
Deviation 0.73% 37.50% 11.90%

Note: ‘A(20)’ denotes the dimension of Example A is 20. So as those for B and C. ‘Deviation’ denotes the percentage deviation of the mean values of the
proposed DA-based methods and AK-SusS relative to those of the SuS results (with SuS result as the reference).

DA-SuS-1 and the improvement of computational efficiency
of DA-SuS-2 and DA-SuS-3 is the same.

For Examples B and C, AK-MCS is incapable of con-
structing an accurate Kriging model for failure probability
estimation due to the high nonlinearity or high dimensional-
ity of these two examples, which can be reflected by the res-
ults of AK-MCS, AK-SuS and AK-IS. Despite this, the pro-
posed DA-based methods can still provide nearly unbiased
results with a slight sacrifice in statistical efficiency (with
relatively higher variances). Additionally, DA-SuS-1 shows
a marked improvement in statistical efficiency as Kriging is
continuously updated using all generated samples with real
responses. Based on DA-SuS-1, DA-SuS-2 and DA-SuS-3 fur-
ther enhance the computational efficiency, with a decreasing
trend in sample computation load and a slight sacrifice of stat-
istical efficiency. The more elaborate adaptive scheme in each
Markov Chain in DA-SuS-3 saves more computational burden
than DA-SuS-2, which only update Kriging in each MCMC
simulation level.

All the above demonstrate that the proposed DA strategy
for SuS can provide a relatively unbiased estimator for failure
probability estimation, especially for highly nonlinear or high

dimensional problems which commonly encounter in prac-
tice while the state-of-the-art surrogate-assisted methods fails.
Moreover, the three improved strategies further enhance the
statistical and computational efficiency of the proposed DA
strategy.

5.2. Engineering application - wind turbine gear

Consider a pair of wind turbine gears in figure 4 as an
example, the model of which were established using 75 812
units. During the operation of an offshore wind turbine, the
transmission system operates in a harsh environment, and
gears face multiple failure modes, including strength, stiff-
ness, fatigue, wear, and vibration. In the reliability assess-
ment of the gear, static performance needs to be evalu-
ated first. Lack of strength can cause gear teeth to break,
while insufficient stiffness can cause the material to yield,
affecting the wind turbine’s operation. Additionally, the con-
tact ratio of the gear significantly affects the smoothness
of gear meshing. Therefore, contact ratio and mises strain
were selected as the failure modes for the gear in this
study.
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Table 10. Gear geometric parameters.
i
", i Input gear Output gear
S g put g putg
g %f{gzéﬁfg;;z;j{;;,’;;ffﬁ Number of teeth 134 45
Ll
'””"""'ngfff’."."' Modulus (mm) 9.5 9.5
Pressure angle (°) 20 20
Spiral angle (°) 20.45 20.45
Teeth thickness (mm) 175 175

a) Outline

b) Meshing details

Figure 4. Schematic diagram of the gear finite element model.

The contact ratio is an important index for evaluating the
continuity and smoothness of gear meshing. The gear trans-
mission in wind turbines usually involves helical gears, and
the overall contact ratio of a helical gear is obtained by adding
the transverse contact ratio and the normal contact ratio. This
value can affect the vibration characteristics of the gear, so it is
used as a failure mode in this paper. The calculation equation
is as follows:

1 bsi
C= 5 (z1 (tana’y —tanay) + 22 (tana’, — tanoy ) ) + %nf
(30)

where z; and z, are the number of teeth of two gears, 134

and 45 respectively. o’y and o5 are the addendum circle pres-

sure angle at the driving and driven gear, and o, and o, are

the transverse pressure angle at the driving and driven gear,
respectively.

The first LSF is constructed such that when the contact ratio

C is lower than the threshold Cj, the gear fails.

g1 =C—Co. (3D

In ANSYS software, the mises strain . can be exported

during post-processing. Mises strain e, is calculated using

equation222, which incorporates the first, second, and third
principal strain.

- 1
14w

1

e 3

[(51 — 52)2 +(e2— 53)2 +(e3— 51)2} (32)

where v is effective Poisson’s ratio. When the mises strain
€. are greater than the allowable strain ¢, failure of the gear
occurs. The second LSF is as follows:

81 =E€0 — Ee- (33)

The threshold values of the LSFs in this paper were determ-
ined based on the allowable contact stress, where Cy = 1.85
and g = 0.005 were set in this problem.

Table 11. Random variables.

Parameter Mean value Standard deviation
Modulus (mm) 9.5 0.95

Teeth thickness (mm) 175 17.5

Elastic modulus (MPa) 207 000 20 700

Poisson’s ratio 0.254 0.0254

Equivalent torque (N * mm) 349 980 000 34998 000

The specific gear parameters are detailed in table 10. All
degrees of freedom of the output gear were constrained, and
an equivalent torque of 34 9980 N * m was applied circum-
ferentially to the input gear. Random variables in this paper
include modulus, tooth thickness, elastic modulus, Poisson’s
ratio, and equivalent torque, the standard deviations of ran-
dom parameters were set to 1/10th of their mean values based
on engineering experiences, as shown in table 11. The equi-
valent torque denotes the output torque of the input gear.
This value is related to the wind speed. It was taken as one-
tenth in this paper. The range of the truncated normal distri-
bution is selected as [d — 30, d + 30] according to the rule
of 30.

Similar to section 5.1, surrogate models were construc-
ted using AK-MCS with an error of 0.01 for the two
LSFs. The number of initial training samples Nigjia 1S set
as 21 for the two LSFs, while both the test samples N
and the augmented test samples N,, are set as 10*. Given
that the single calculation time of the real LSFs is relat-
ively long, only 200 more samples are generated to enrich
the Kriging models. Those are 221(21 + 200) for the
two LSFs.

In this experiment, each algorithm was run independently
10 times. The statistical optimization results from 10 inde-
pendent runs are shown in table 12. It is evident that the sur-
rogate model constructed with a limited number of samples is
not sufficiently accurate, and this can be confirmed by the res-
ults of AK-MCS, AK-SuS, and AK-IS. However, the original
DA-SuS method not only yields results with the correct order
of magnitude, but also these results are highly close to those
of SuS, while using fewer samples. Furthermore, the three
improved strategies have also significantly enhanced statistical
efficiency—this indicates that the proposed DA-SuS method
and its three improved strategies can still be applied to com-
plex practical engineering cases with implicit performance
functions, even when the surrogate model fails to fit the LSF
well.



J. Reliab. Sci. Eng. 1 (2025) 045201

Y Ma et al

Table 12. Statistical results of reliability estimation.

Example First LSF Second LSF

MCS P 453 x 1073 271 x 1073
Nea 1 x 10* 1 x 10*

AK-MCS P 7.35 x 1072 6.73 x 1072
Nean 221 (21 + 200) 221 (21 + 200)

AK-IS D (9.37 £ 0.77) x 1072 (7.73 £ 0.65) x 1072
Ncall 221 221

SuS P (342 £0.29) x 1073 (242 £0.42) x 1073
Ncall 2800 2800

AK-SuS P (9.82 4 0.40) x 1072 (7.49 £ 0.92) x 1072
Ncall 221 221
Deviation 2771.35% 2995.04%

DA-SuS-0 P (4.47 £031) x 1073 (132 £ 0.45) x 1073
Ncall 2157 2098
Deviation 30.70% 45.45%

DA-SuS-1 P (4.05 +0.32) x 1073 (1.67 £ 0.50) x 103
Ncall 2071 1933
Deviation 18.42% 30.99%

DA-SuS-2 P (4.23 £0.29) x 1073 (1.82 £ 0.47) x 1073
Ncal] 1987 1871
Deviation 23.68% 24.79%

DA-SuS-3 pr (4.25 £0.38) x 103 (2.03 £0.69) x 1073
Nean 1812 1805
Deviation 24.27% 16.12%

6. Conclusions

The SuS algorithm with DA strategy is proposed in this paper
(named as DA-SuS) to accelerate the conventional SuS with
a surrogate model. The computational burden of calculating
the real LSF of the rejected samples in each MCMC simula-
tion is saved by the surrogate (Kriging model) while real LSF
of each accepted candidate sample is still calculated to ensure
an unbiased estimation of failure probability. The unbiased-
ness of the DA-SuS algorithm is not influenced by the qual-
ity of the surrogate model, but other performances, e.g. the
statistical and computational efficiency, depend on the surrog-
ate model. An illustrative example demonstrates this charac-
teristic of DA, and indicates that the quality of the surrogate
model would impact on the misjudgment error for the rejected
samples by the surrogate model. This leads to a reduction in
statistical efficiency due to the erroneous rejection of samples
located within the failure domain.

Three improvement strategies are then introduced into DA-
SuS to enhance its statistical and computational efficiency.
Empirical studies have indicated that the proposed DA strategy
is worthy of reference as an unbiased surrogate-assisted way
to accelerate SuS. More importantly, the merit of the pro-
posed DA strategy is significant in real engineering prob-
lems with relatively high dimension or high complexity, where

the-state-of-art surrogate-assisted methods are incapable of
ensuring accuracy. In general, DA-SuS-1 can obtain the best
statistical efficiency when the computational resources permit
in real practice. DA-SuS-3 gives the best computational effi-
ciency while slightly sacrificing the statistical efficiency.

Note that the proposed DA strategy is illustrated via
a Kriging-based MCMC simulation approach. While this
concept can be extended to other surrogate-assisted MCMC
methods, careful attention must be paid to ensuring the
detailed balance condition. A known limitation is that DA-
SuS, unlike its theoretical ideal, may still introduce a slight
bias due to the limited sample size, particularly when the sur-
rogate model fails to accurately capture the LSF. Furthermore,
this work focuses exclusively on problems with a single LSF.
Future work can extend the methodology to handle mul-
tiple LSFs by leveraging techniques from the generalized
SuS [14].
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Appendix. Misjudgment error of generated MCMC
samples

Compared to the conventional SuS, the unbiased Kriging-
based method still introduces error when accepting/rejecting
candidate samples. Let Ny and N denote the real size of
samples accepted when they belong to €y = {vi € Fj} and
those belong to (g = {vi ¢ Fj} in the j 4 1-th simulation level,
respectively. Inspired by ESC for MCS [69], ¢ and () can
be regarded as the failure and safety region according to y;
in the j + 1-th simulation level. Nf and NS denote the cor-
responding values when the LSF G(v) is approximated by a
Kriging model, where Qf and Q) are the corresponding two
region. Furthermore, let Sf denote the size of candidates in Qf
that belong to € while let S, denote those in € that belong to
Q. Nr can then be written as

N =N+ S, — § (34)
the following confidence interval of which can be represented
with confidence level « as:

Nt € [Nf—S?,Nf—l-SZ} 35)
where S’? and S"S‘ are the upper bound of the confidence interval
of Sy and S, respectively. Accordingly, the maximum error can
be calculated as:

) = €max-

( N
< max =
N;
(36)

Similar to that in ESC for MCS, both S and S; due to the
wrong estimation based on Kriging corresponding to the jth
threshold of the jth intermediate event can be expressed using
an indicator function / as

Ne
N¢

E =

U /N
S = Zlhv‘ S Qf

i=1
A A o 37
= ZI,',V’ € Q
i=1

Inspired by [47], the corresponding probability P)YSE of
wrong estimation satisfies

PI.WSE:P( = v"leuQS> — 9 (-
(38)

This derivation can be referred to figure 3. Thus, it is evident
that 7; follows a Bernoulli distribution with the following mean
and variance:

[ e o] - s

(39
Var {Ii|v’ e U

g])}: PWSE P[WSE) )

For independent Bernoulli trials such as that of MCS in
ESC, St and S follow the following Poisson binomial distri-
butions

Ne
St ~ PB <ﬂ§f70%f) 7vl c Qf,ﬂg{ = ZP}NSE’
i=l1
N
ZPIWSE (1 PYSE)

i=1

Ns
S’S ~ PB (/1,§57J§> ,Vi € st”@ — ZPzWSE7

Ns

ZPWSE (1 — PVSE)

i=1

2 _
O'gf =

0',2\ =

s, (40)

which can be numerically approximated by a Poisson distri-
bution with small size of samples while a normal distribution
with sufficiently large size of samples as

Pr(szk)~ k=0,1,---
SSNN(MSS,U§>,V EQS

#‘
Ngf

N

Given the confidence level o = 0.05, one can obtain the
following the confidence intervals
7))

(6%
= 1- =
2)T5 (13
S {u —1960A,,u5+196m} v e O

7!

O —1
Sre |:I‘§f ( N

(42)

where F_é:l (+) is the inverse CDF of the Poisson distribution.
The maximum error in equation (36) can then be obtained by
introducing the upper bounds in equation (42).

For dependent Bernoulli trials such as that of the MCMC
samples in each simulation level of SuS, however, the Poisson
binomial distribution is impractical as a direct approximation.
There are several trials on Poisson approximation for sums
of dependent Bernoulli random variables. The following non-
uniform bounds by Teerapabolarn and Neammanee [70] is
provided here as a reference

PWSE)"0,—PI'SE
Pr(W: Wo) — ( ) ©

W()!

< mm{ ! (PWSE) } (b1 +b) (43)

where wy € {1,2,---,|T'|} denotes the number of dependent
Bernoulli trials. Suppose that the set B, & I' with oo € B,
is chosen as a neighborhood of « consisting of the set of
indices for each o € I, such that X, and X are dependent
(two dependent Bernoulli trials). It satisfies

=> > paps

ael’ BEB,,

=2 >

a€l' BeB, \{a}

(44)
E[X.X3]
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Itis impractical to direct calculate the value of the right term
of equation (43) from MCMC samples in each simulation level
of SuS under the definition for dependency in equation (44).
However, equation (43) still reveals the error between the
real probability of sum of dependent Bernoulli trials for each
MCMC simulation and the Poisson approximation.
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